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To describe single-walled carbon nanotube sSWNTd arrays, we propose a self-similar array model.
For isolated SWNT bundles, the self-similar array model is consistent with the classical triangular
array model; for SWNT bundle arrays, it can present hierarchy structures and specify different array
configurations. Based on this self-similar array model, we calculated the energetics of SWNT arrays,
investigated the driving force for the formation of macroscopic SWNT arrays, and briefly discussed
the hierarchy structures in real macroscopic SWNT arrays. © 2005 American Institute of Physics.
fDOI: 10.1063/1.1926418g
To utilize the high strength of single-walled carbon
nanotubes sSWNTsd in macrodimension, it is vital to form
large, uniform and highly ordered nano- and microstructures
and, eventually, bulk materials of SWNTs.1–3 There are two
possible ways to achieve such an aim: direct synthesis of
SWNT rope-like crystallites4–8 or fabricating small bundles
into macroscopic arrays by post-treatments.9,10 It is always
announced that SWNTs in those rope-like crystallites are
closely packed according to the cross-sectional view of
bundles with a diameter from a few to tens nanometers;3,4
however, scanning electron microscopy images of the whole
rope show that macroscopic SWNT arrays seem to be much
looser than close packing6–8 and are mainly made up of
smaller bundles.7,8 Therefore, for direct synthesized SWNT
arrays, SWNTs are not necessarily close packing as de-
scribed by the classical triangular array model. Similarly,
SWNT superbundles obtained by post-treatments also
present a loose packing of small bundles, rather than a close
packing of all tubes.9,10 Therefore, there are at least two
forms for SWNT arrays: one is the close packing of SWNTs
smainly for small bundlesd, and the other is the irregular
packing of bundles. However, in most previous descriptions
of SWNT arrays3–10 and many theoretical calculations,2,11–13
the array configuration is always simply treated as a close-
packing one and no advanced array model has been proposed
to describe the details of SWNT arrays quantitatively.
With respect to the close-packing model, one of the dis-
tinct characteristics of real SWNT arrays is hierarchy struc-
tures, such as isolated SWNT, SWNT bundles, and ropes of
SWNT bundles. Ebbesen et al. noticed the hierarchy struc-
tures of carbon nanotubes and proposed a schematic diagram
of the fractal-like organization of carbon nanotubes.14 The
most important idea of their work is that individual carbon
nanotubes may form bundles, bundles into ropes, and even-
tually into macroscopic fibers.14 These hierarchical structures
at different scales were also positively observed in SWNT
arrays.4–8 Ebbesen et al. further proposed that such an orga-
nization of carbon nanotubes may possess fratality,14 which
has been observed by different methods.15,16 We also found
that the self-similarity of SWNTs is likely due to the hierar-
chy structure of SWNTs.16 However, the hierarchy structures
cannot be illustrated by the classical triangular array model
of SWNTs. It is known that accurate predictions of properties
of a material come from a well-defined structural model.
Therefore, it is necessary to propose a novel array model to
present the hierarchy structures of SWNTs and to specify
different SWNT array configurations. And the new model is
expected to satisfy two principles: first, it should be consis-
tent with the classical triangular array model when it is ap-
plied to isolated bundles because, for an isolated small
bundle, the cross sectional view shows a two-dimensional
triangular lattice4 and agrees well with the triangular array
model of SWNTs; second, the phenomenon of the hierarchy
structures of SWNTs should be characterized. Previously, the
concept of self-similar aggregation of SWNTs has been sug-
gested in our analysis of fractality16 and pore structures of
SWNTs.17,18 In the present work, a self-similar array model
has been comprehensively proposed as a universal model for
SWNT arrays at different scales. And we will show that the
self-similar array model can satisfy the previous two prin-
ciples very well and specify individual SWNT, isolated
bundles and SWNT bundle arrays clearly. Moreover, a fur-
ther investigation of the energies of SWNT arrays has been
calculated.
In our model, it is assumed that SWNTs are infinitely
long with a perfect wall structure and packed with a van der
Waals gap G. Moreover, a hexagonal geometry is assumed as
a complete structure for isolated SWNT bundles19 and
bundle arrays. Mathematically, to form a perfect hexagonal
close packing, the total number of the circular units N should
take discrete values: N=3t2+3t+1, where t is a nonnegative
integer. For example, for isolated bundles, the number of
tubes in a bundle, cm, can be expressed as
cm = 3m2 + 3m + 1, m = 0,1,2,… . s1d
And m=0 refers to an isolated SWNT, m=1 and 2 refer to
isolated bundles consisting of 7 and 19 SWNTs, respectively,
as shown in Figs. 1sad and 1sbd. And the bundle size is speci-
fied by the value of cm. For SWNT bundle arrays, the close-
packing units are SWNT bundles which can be described by
Eq. s1d. Similarly, the number of SWNT bundles in a perfect
bundle array, cn, can be expressed as
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cn = 3n2 + 3n + 1, n = 0,1,2,… . s2d
And n=0 refers to an isolated SWNT bundle, n=1 and 2
refer to bundle arrays consisting of 7 and 19 bundles, respec-
tively, as shown in Figs. 1scd and 1sdd and Figs. 1sed and 1sfd.
Therefore, a pair of scm ,cnd can describe a kind of bundle
arrays. To illustrate the difference between different combi-
nations, two array patterns are compared in Figs. 1sdd and
1sed: s19, 7d presents an array of 7 bundles and each bundle
consists of 19 SWNTs, whereas s7, 19d presents an array of
19 bundles and each bundle consists of 7 SWNTs. Obvi-
ously, isolated bundles can be seen as a special case of
bundle arrays, scm ,0d, so the model is the same as the clas-
sical triangular array model when it is applied to isolated
bundles. Moreover, in this model, isolated SWNT, isolated
bundles and bundle arrays can be specified clearly: s1, 0d for
an isolated SWNT, scm ,0d for isolated bundles and scm ,cnd
for bundle arrays. Therefore, the two principles listed above
can be satisfied very well by the model. It is also assumed
that, bundles and bundle arrays possess a similar perfect hex-
agonal geometry, then units stubes, bundlesd and unit arrays
sbundles, bundle arraysd have a self-similarity, so this model
can be defined as “self-similar array model.” Actually, the
cross sections of SWNTs, SWNT bundles and bundle arrays
are always treated as a round shape2,20,21 as the dashed circle
shows in Fig. 1; in that case, hierarchy structures of carbon
nanotubes at different scales possess the self-similarity
naturally.14 Based on the self-similarity, this model can be
extended to more complex structures, for example,
scm ,cn ,cld presents a superstructure consisting of cl bundle
arrays scm ,cnd and the parameter cl is defined the same as cm
and cn.
Based on this self-similar array model, the energetics of
SWNT bundles and bundle arrays can be investigated quan-
titatively using the continuum model, which is applicable for
the research of the van der Waals svDWd interaction between
SWNTs.22 Figure 2sad displays the binding energies of dif-
ferent SWNT arrays and Fig. 2sbd shows the driving force
for isolated bundles to form bundle arrays. From the inset of
Fig. 2sad, for isolated bundles, the binding energy increases
with the increase of the bundle size and approaches the value
of 3E0 which is the average binding energy of a close-
packing array with an infinite size. Here E0 is the binding
energy for two neighboring tubes. It can be concluded that
SWNT bundles with bigger sizes are energetically stable be-
cause more tubes are “saturated” with 6 nearest neighbors.
From the inset of Fig. 2sad, however, we can also see that the
average bonding energy increases very slowly when the
number of SWNTs in a bundle is up to 1000 sabout 60 nm in
diameter if s10, 10d SWNTs are employed as an exampled,
suggesting the formation of huge bundles does not present
much advantage with respect to medium-sized bundles. In
fact, the formation of SWNTs, SWNT bundles and bundle
arrays is also dominated by the synthesis conditions. Due to
the nonequilibrium synthesis conditions, the diameter of ex-
perimentally obtained SWNT bundles with a perfect triangu-
lar lattice is always limited to a few or dozens of nanometers,
and these SWNT bundles tend to aggregate due to the weak
vDW force between one another. Therefore, the formation of
SWNT hierarchy structures is inevitable, from SWNT
bundles with a diameter from a few to tens of nanometers to
micrometer dimension or even macroscopic ropes and fibers.
Second, SWNT bundles have a weak driving force to aggre-
gate into bundle arrays due to the vDW interaction between
SWNT bundles. However, the driving force for the formation
of bundle arrays is only approximately 1/10 as that of the
formation of isolated bundles, which is why SWNTs always
form bundles with regular triangular lattice, whereas SWNT
bundles are apt to irregularly aggregate into a loose packing
structure.6–8 Third, smaller bundles are easier to aggregate,
as shown in Fig. 2sbd, which is attributed to the fact that the
relative ratio of “unsaturated” tubes in a smaller bundle is
higher than bigger ones, as shown in the inset of Fig. 2sad.
FIG. 1. Cross-section view of isolated SWNT bundles and SWNT bundle
arrays. Individual SWNTs are presented as solid circles and SWNT bundles
are presented as dashed circles. sad Isolated bundle s7, 0d; sbd isolated bundle
s19, 0d; scd bundle array s7, 7d; sdd bundle array s19, 7d; sed bundle array s7,
19d; and sfd bundle array s19, 19d.
FIG. 2. Calculated average binding energies of SWNT arrays. sad Average
binding energies of scm ,cnd. sInsetd Average binding energy of isolated
bundles scm ,0d with different sizes. sbd Average driving force for bundles
scm ,0d to form bundle arrays scm ,cnd.
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Based on this model and the above energy calculations,
some properties of macroscopic SWNT arrays, such as me-
chanical properties and pore structures, can be understood.
For the triangular array model, the elastic Young’s modulus
of SWNT arrays should be nearly constant for all SWNT
ropes, i.e., independent of the diameter, since it only depends
on the stiffness of the SWNTs which compose the rope.2
Experimentally, however, their elastic Young’s modulus is
not as high as that expected and decreases with the size of
ropes or fibers.2,21 But this phenomenon can be easily ex-
plained by the decrease of the packing density of SWNTs
based on this self-similar array model. Second, the above
energy calculations explained why macroscopic SWNT ar-
rays are apt to be irregular and loose,4–8 which can be con-
sidered as another reason for the lowering of their axial
Young’s modulus. Compared with the classical triangular
model, the self-similar array model can also describe addi-
tional kinds of pores, such as interbundle pores, as shown in
Figs. 1scd–1sfd. When the diameter of bundles is in the range
from a few to tens of nanometers, the size of those pores is
about a few nanometers, which is expected to be important
for the adsorption behavior of SWNTs.
In conclusion, a self-similar array model is proposed to
describe the widely observed SWNT arrays. This model ex-
tends the characterization scale from nanodimension to mac-
rodimensions and opens the way of quantitative estimations
and explainations of the properties, such as pore structures,
mechanical properties and adsorption performance, of mac-
roscopic SWNT arrays.
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